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Abstract. We study Nielsen equivalence classes of generating 
pairs of Kleinian groups and HNN-extensions. We establish the 
following facts: 

. (1) Hyperbolic 2-bridgc knot groups have infinitely many Nielsen 

CN I classes of generating pairs. 

(2) For any n G N there is a closed hyperbolic 3-manifold whose 
' fundamental group has n distinct Nielsen classes of generat- 
ing pairs. 

(3) Two pairs of elements of a fundamental group of an HNN- 
extension are Nielsen equivalent iff they are so for the obvious 
reasons. 
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J3 ' The main purpose of this note is to study Nielsen equivalence classes 

of generating pairs of fundamental groups of hyperbolic 2-bridge knot 
spaces and of closed hyperbolic 3-manifolds obtained from those spaces 
^ I by Dehn fillings. 

0\ \ It is a result of Delzant (following Gromov) [D] that any torsion-free 

^ ■ hyperbolic group has only finitely many Nielsen classes of generating 

Q ■ pairs. In the case of closed hyperbolic 3-manifolds Delzant 's proof 

^ ! actually provides an explicit upper bound for this number in terms of 

O I the injectivity radius as observed by Agol, see |Soulj for an account of 

Agol's ideas. The finiteness of Nielsen classes of generating tuples of 
fundamental groups of closed hyperbolic 3-manifolds of arbitrary size 
was established in |KW] . 

The examples constructed in this article show that this finiteness 



5^ I fails for cusped hyperbolic 3-manifolds. We establish the following: 

Theorem 0.1. Let i be a hyperbolic 2-bridge knot with knot exterior 
M . Then vri(M) has infinitely many Nielsen classes of generating 
pairs. 

We further show that there is no uniform bound on the number 
of Nielsen classes of generating pairs of fundamental groups of closed 
hyperbolic 3-manifolds if the assumption on the injectivity radius is 
dropped. The constructed manifolds are obtained from hyperbolic 2- 
bridge knot complements by increasingly complicated Dehn fillings. 
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Theorem 0.2. For any n there exists a closed hyperbolic 3-manifold 
M such that tti (M) has at least n distinct Nielsen classes of generating 
pairs. 

The non-uniqueness of Nielsen classes of generating tuples of funda- 
mental groups of hyperbolic 3-manifolds is not new. It is an immediate 
consequence of the work of Lustig and Moriah |LMj that there exist 
closed hyperbolic 3-manifolds whose fundamental groups are of rank r 
and have at least 2*" — 2 Nielsen classes of generating r -tuples. Note 
that while the distinct Nielsen classes exhibited by Lustig and Moriah 
are geometric and therefore correspond to non-isotopic Heegaard split- 
tings this is not true in the current setting. Indeed by Kobayashi's 
work jKo] it is known that 2-bridge knot exteriors admit at most 6 
isotopy classes of Heegaard splittings of genus 2 , thus almost all of the 
generating pairs exhibited in this note are non- geometric. 

The proofs rely on some simple facts about Nielsen equivalence of 
generating pairs due to Nielsen and in the case of Theorem lU.ll some 
basic hyperbolic geometry. For the proof of Theorem IU.2I we further 
exploit the geometric convergence of manifolds obtained by increasingly 
complicated Dehn surgery on a 2-bridge knot to the hyperbolic knot 
complement. 

After discussing some basic material on Nielsen equivalences of gen- 
erating pairs we first prove a simple theorem about generating pairs of 
HNN-extensions. The argument in this case is easier but similar to the 
argument needed in the proofs of the two theorems discussed above. 
We will then establish a simple fact about about piecewise geodesies in 
hyperbolic space before we proceed with the proof of the main theorem. 

The authors would like to thank Yoav Moriah for his useful comments 
and Makoto Sakuma for a stimulating discussion. Moreover the authors 
would like to thank the referee whose numerous suggestions resulted in 
a greatly improved exposition and a shorter proof of Theorem 12. 1[ 

1. Nielsen equivalence of pairs of elements 

Let G be a group and T = {gi, . . . ,gk) and T' = {hi, ... , hk) be 
two A; -tuples of elements of G . We say that T and T' are elementarily 
equivalent if one of the following holds: 

(1) hi = ga(i) for 1 <i <k and some cr G 5*^. 

(2) hi = g~^ for some i E {1, . . . ,k} and hj = gj for j i. 

(3) hi = gigj for some i j with e G {—1,1} and hi = gi for 

ly^i. 

Two tuples are further called Nielsen equivalent if one can be trans- 
formed into the other by a finite sequence of elementary equivalences. 
Note that the elementary equivalences are also called Nielsen transfor- 
mations or Nielsen moves. 
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The fact that Aut F„ is generated by so-called elementary Nielsen 
automorphisms implies that the above definition of Nielsen equivalence 
can be rephrased in the following way. 

Let Fk = F{xi, . . . ,Xk) be the free group of rank k. Then two k- 
tuples T = {gi, . . . ,gk) and T' = {hi, . . . , hk) are Nielsen equivalent 
iff there exists a homomorphism (p : Fk ^ G and an automorphism a 
of Fk such that the following hold: 

(1) Qi = 4>{xi) ioT 1 <i < k. 

(2) hi = (f) o a{xi) for 1 < i < k. 

Deciding Nielsen equivalence of two tuples or classifying all Nielsen 
equivalence classes is usually a very difficult problem and undecidable 
in general. However in the case of pairs of elements the situation tends 
to be much easier. The reason is that the automorphism group of F2 
and the structure of primitive elements in F2 are particularly easy to 
understand. 

Nielsen [N] observed that any automorphism of F{a, b) preserves the 
commutator [a, b] = aba~^b~^ up to conjugation and inversion. This 
is easily verified by checking that it holds for the elementary Nielsen 
automorphisms. As a consequence we get the following simple and 
much used test for Nielsen equivalence of pairs of elements. 

Proposition 1.1. Let G be a group and {x,y) and {x',y') be two 
pairs of elements. If {x, y) ~ {x', y') then [x, y] is conjugate to [x', y'] 
or [x', y']~^ . 

While convenient, the above criterion is in general not sufficient to 
distinguish all Nielsen classes. Another useful fact in distinguishing 
Nielsen classes of pairs is that primitive elements of F{a, b) are well 
understood, in fact in |0Z] Osborne and Zieschang gave a complete 
description of primitive elements of the free groups of rank 2; recall 
that an element of a free group or a free Abelian group is called prim- 
itive if it is part of some basis. The proof in |OZj relies on the fact 
already observed by Nielsen [N] that for any primitive element p in the 
abelianization of F{a, b) there is a unique conjugacy class of primitive 
elements in F{a,b) that is mapped to p. 

An immediate consequence of their description is the proposition 
below, see also [CMZ] . We give a proof of the weaker statement that 
we need as we can without breaking a sweat, note that e and 77 below 
are simply the signs of the exponents of a and b in the abelianization 
of g. 

Proposition 1.2. Let g be a primitive element of F{a, b) . Then there 
exist e,r] E { — 1, 1} such that g is conjugate to an element represented 
by a positive word in a*^ and b^ . 
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Proof. As the proof in |OZj we rely on the fact that for any primitive 
element zio + in the abelianization we have a unique conjugacy 
class of primitive elements in F{a,b) that maps to zio + Z2b. 

We assume that g maps to na+mb in the homology where n, m > 0, 
the other cases are analogous. We need to show that there exists a 
primitive element in F{a, b) that can be written as a positive word in 
a and b that maps to na + mb. 

Choose r,s > such that na + mb and ra + sb form a basis of the 
homology. It is easily checked that we can transform this basis into the 
basis a , 6 by only applying elementary Nielsen transformations of type 
(1) and of type (3) with e = —1 such that all intermediate elements 
only have positive coefficients. We recover the original basis by running 
the inverse transformation in inverse order, here all transformation are 
of type (1) or of type (3) with e = 1. 

Now we can run the same sequence of inverse Nielsen transformations 
in F{a,b) starting with a, b. We obtain a basis of F{a,b) whose first 
element maps to na+nb in the homology. As no inverses are introduced 
in this sequence of Nielsen transformations it follows that this first basis 
element is a positive word in a and b and must be conjugate to g . This 
proves the claim. □ 

2. Generating pairs of HNN-extensions 

In the following we assume that A is a graph of groups with un- 
derlying graph A. The vertex group of a vertex v is denoted by Ay. 
It is well known that any tuple that generates a non-free subgroup is 
Nielsen equivalent to a tuple containing an elliptic element, i.e. an ele- 
ment conjugate to an element of one of the vertex groups, see [St], [Z], 
|PRj and |Wlj for various levels of generality. The tuple containing an 
elliptic element can be obtained from the original one by a sequence of 
length reducing Nielsen moves. If the underlying graph is not a tree, 
i.e. if A has an HNN-component then it is not possible that all gener- 
ators are elliptic as they would all lie in the kernel of the projection to 
the fundamental group of the underlying graph. 

This justifies in the theorem below to only consider pairs of elements 
(x, y) such that x is elliptic and y is hyperbolic. 

Theorem 2.1. Let A be a graph of groups whose underlying graph A 
is not a tree. Let G = 7ri(A). Suppose that {x,y) and {x',y') are 
generating pairs of G such that x and x' are elliptic. 

Then {x,y) ~ {x',y') iff there exist g & G, k and e,ri ^ {"1; 1} 
such that 

x' = gx^g~^ and y' = gy^x''g~^. 

Proof. For any graph of groups A with underlying graph A there is 
a natural epimorphism vr : 7ri(A) — tti{A) whose kernel is generated 
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by the elliptic elements. In our context tti{A) is generated by 7r(y) 
since x lies in the kernel of vr. Thus tti{A) = Z as A is not a tree, in 
particular 7T{y) is an element of infinite order. 

Suppose now that w is a positive word in and y"^ for fixed e,ri ^ 
{— 1, 1} with at least one occurence of y"^ . Let be the number of 
occurences of y'^ in w. By assumption > and as w is a positive 
word we have n{w) = irly^)^ , in particular w ^ kervr and w cannot 
be elliptic. 

Let now ip : F{a,b) G he the epimorphism given hj a x and 
b ^ y. If {x,y) is Nielsen equivalent to {x',y') then x' = ipih) for 
some primitive element h G F{a, h) . By Proposition 11.21 h is conjugate 
to some element represented by a positive word w in and IP for 
some e,r] ^ !}• As il){w) is elliptic it follows from the above that 
w is a positive word in . As w represents a primitive element of 
F{a, b) it follows that w = . This implies that x' = gx'^g~^ for some 
g&G. 

The second part is immediate. Indeed any element h of -F(a, b) such 
that (a*^, h) forms a basis must be of type h = aJ^Wa^ with n,m ^T,, 
T] = ±1 and [oF , a^h^ aJ^) is conjugate to (a*^, 6^a'^"'"") . □ 

3. PlECEWISE GEODESICS IN HYPERBOLIC SPACE 

In this section we introduce piecewise geodesies and establish some 
basic properties needed later on. Throughout this section all paths are 
paths in . 

A (A^, a) -piecewise geodesic is a path that is composed of geodesic 
segments [xj, Xj+i] of length at least A^ such that the angle Oi^i G [0, vr] 
between [a;i,Xi+i] and [xj+i,Xi+2] at Xj+i is at least a. 



Xi- 




Xi Xi+i 



Figure 1. A section of a piecewise geodesic 

It is obvious that if B > B' and a > a' then any (5, a) -piecewise 
geodesic is also a (i?', a') -piecewise geodesic. 

We will need the following basic fact about piecewise geodesies; as 
its proof is entirely standard we merely sketch it. For definitions of 
quasigeodesics and local quasigeodesics and their basic properties used 
in the proof below the reader is referred to |CDP] . 

Lemma 3.1. For any ^ > there exist Bi > and do G [0, vr) such 
that if B > Bi and a G [Oq, tt] then any bi-infinite {B, a) -piecewise 
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geodesic 7 is ^-Haus dor ff- close to some geodesic (3. Moreover 'j is a 
quasigeodesic with the same ends as (3 . 

Proof. For any geodesic /3 and x G H"^ we denote the nearest point 
projection of x to /3 by ppi^x). 

Note first tliat for any 77 > there exists some angle 9 G [0, vr) such 
that for any geodesic triangle ABC in whose angle at A is greater 
or equal to 9 the sides AB and AC lie in the ?7-neighborhood of BC. 
This is most easily seen in the Poincare disk model by choosing A to 
be the center. As the angle at this vertex tends to vr the opposite side 
of the triangle comes arbitrarily close the center, independently of the 
length of the sides of the triangle. 




Figure 2. As the angle at A increases d{A^BC) decreases 

If 9q is chosen such that the above holds for 77 = min(|, |) then 
it is immediate that any (5, a)-piecewise geodesic with a > 6*0 is 
a (S, 1, l)-local quasigeodesic. If moreover Bq is chosen sufficiently 
large then the local-to-global phenomenon for quasigeodesics implies 
that any (_B, a)-piecewise geodesic with B > Bq and a > 6'o is a 
(A, c) -quasigeodesic for some fixed A > 1 and c > 0. 

As quasigeodics stay within bounded distance of geodesies this im- 
plies that any (5, a)-piecewise geodesic 7 with B > Bq and a > ^0 
stays within bounded distance of the geodesic [3 that has the same 
ends in dM? as 7. This bound C is uniform, i.e. it only depends on 
Bq and ^o- 

Now observe that there exists Bi > Bq such that for any {B,a)- 
piecewise geodesic 7 with B > Bi and a > 9q the midpoints of the 
segments lie in the | -neighborhood of /3 . This is true as the 

quadrilaterals spanned by Xi, Xj+i, and Pi3{xi) can be assured 

to be arbitrarily thin provided that the distance between Xi and Xj+i 
is sufficently large. This is true as d^Xi.ppi^Xi)) and 
are bounded from above by C, see Figure [31 

Note further that the convexity of the distance function to the geo- 
desic /3 then immediately implies that the geodesies [mj,mj+i] also lie 
in the |-neigborhood of /3 for all i. 
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Figure 3. nii gets arbitrarily close to /3 as Xj+i) increases 

To conclude it clearly suffices to show that the piecewise geodesic 
[mj,a;j+i] U [a;j+i,mi+i] lies in the | -neighborhood of [mi,m,;+i]. This 
however is true by our choice of 6q . 

Thus we have shown that there exist i?i > and 6q G [0, vr) such 
that any (5, a) -piecewise geodesic 7 with B > Bi and a > 6*0 is a 
quasigeodesic that remains within distance ^ of the geodesic with the 
same ends. □ 

4. Hyperbolic knot complements as limits of closed 



It is a deep insight of Thurston that a cusped finite volume hyper- 
bolic 3-manifold M occurs as the geometric limit of closed hyperbolic 
manifolds which are topologically obtained from M by Dehn ffilings 
along increasingly complicated slopes. For definitions and details con- 
cerning algebraic and geometric convergence see [Ml Chapter 4] and 
|MT981 Chapter 7]. 

Let now M be the complement of a hyperbolic knot t and let m 
and / denote the meridian/longitude pair for I. Let p: vri(M) — 
PSL{2, C) denote the holonomy of the complete hyperbolic structure. 
The image of m and / are commuting parabolic elements and we can 
assume that their common fixed point is 00 i.e. Stab^o = {p{m),p{l)) 
and that 



The complex number tq G C \ M is called the cusp parameter of t. 

The deformation space of hyperbolic structures on M can be holo- 
morphically parametrised by a complex parameter u in a neighborhood 
U of E C Details about the deformation space and Thurston's 
hyperbolic Dehn filling theorem can be found in the Appendix B of 
[BFOT] . See also [Thl Chapter 5]. 

The following facts can be found in [BPOll B.1.2]: there is an analytic 
family p„, m G f/, of representations p„: 7ri(Af) — )• PSL{2,C) and 
an analytic function v = v{u) such that u and v are the complex 
translation length of Puijn) and puil) respectively and f (0) = 0. The 
function t(u) = v{u)/u is analytic and t{u) = r(0) + 0(|mP) where 
r(0) = To is the cusp parameter. For u E U the generalized Dehn filling 
coefficient of the cusp is the defined to be the element of U 00 = S*^ 



hyperbolic 3-manifolds 



p{m){z) = z + 1 and p{l){z) = z + Tq . 



8 



MICHAEL HEUSENER AND RICHARD WEIDMANN 



defined by 

oo if M = 

{p, q) s.t. up + vq = 2111 if m 7^ 0. 

By Thurston's Dehn filling theorem and the definition of f/, the map 
from the points of U to their generalized Dehn filling coefficients is a 
homeomorphism from f/ to a neighborhood of 00 in U {00}. 

The representation po is the holonomy of the complete hyperbolic 
structure of M. If m 7^ then the representation pu is the holonomy 
of a non complete hyperbolic structure on M and the metric com- 
pletiton of M„ is described by the Dehn filling parameters (see |BP01t 
B.l]). We are only interested in the case that p and q are coprime 
integers. Then pu factors through Tii{M{p/q)) and the metric com- 
pletion of Mu is homeomorphic to M{p/q). Here and in the sequel 
M{p/q) denotes the manifold obtained from M by Dehn filling along 
the slope pm + ql . By Mostow-Prasad rigidity the faithful discrete rep- 
resentations of vri(M) and 7ri(M(p/g)) in PSL{2,C) are unique up to 
conjugation. 

For a large enough integer n, the coordinate pair (l,n) must lie 
in the homeomorphic image of f/ in U {00} so there is a Un, E U 
with Dehn filling coefficient Furthermore u„ — as n — )■ 00. 

Hence Vn '■= v{un) — )■ and r„ := r(n„) — )■ tq as — )■ 00. So, 
as described above, the metric completion of M„„ is the hyperbolic 
manifold M„ := M{l/n) and the holonomy for M„ is determined by 
Pn '■= Pu„- The manifold M„ contains a new geodesic, the core of the 
filling torus, which is isotopic to the image of / in M„ . 

On the peripheral subgroup (m, /) < iti{M) the representation is 
given by: 

e"" - 1 

pn{rn){z) = e^'^z + 1 and Pni}){z) = e^^z + 



(see [BPOll B.l]). By conjugation of p„ by the parabolic transforma- 
tion An given by 

T- 1 

AJz) = z + 



1 — e'"" 1 — e"" 
we can assume that Pn{m) = Wn and Pn(0 = where 

Wn{z) = e^"z + Tn— r and Vn{z) = e""z + r„ . 

Note that An converges to A given by A{z) = z+{to — 1)/2. Note also 
that the Dehn Surgery Theorem (see jThl Chapter 5] and jPePo] ) im- 
plies that the sequence of groups {p„(7ri(M))} converges geometrically 
to p(7ri(M)). 
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A simple calculation shows that 

pkv„ _ 1 

and hence V~"' = Wn since m„ + nvn = Svrz and therefore e~"^" = e"" . 
Moreover the fixed points of the loxodromic transformation Vn are 
oo and t„/(1 — e'"") . The above facts allow us to conclude as in the 
discussion in [Ml 4.9] that the following hold: 

(1) The elements Pn{l) are loxodromic isometries. The fixed points 
of Pn(0 converge to the fixed point oo of the parabolic subgroup 
P = pMdM)). 

(2) Pn(0 converges uniformly on compact sets to p{l) and Pnijn) = 
Pn{l)~^ converges to p{m) . 

(3) Furthermore the sequence of subgroups {pni})) generated by 
the core of the filling solid torus converges geometrically to the 
peripheral subgroup P. 

In the sequel we shall use the following convention: we shall identify 
7ri(M) with the image p(7ri(M)) C PSL{2, C) and for each g e 7ri(M) 
we write gn = Pn{g) for short. We shall denote by 7„ C M„ the new 
geodesic i.e. the core of the filling solid torus. 

The following proposition gives some more information about the 
geometry of the limiting process. Note that the translation lengths of 
an element g on some (^-invariant subset Y of is defined to be 

\g\Y := inldusiy^gy). 

In particular the translation length of a parabolic element g on a. g- 
invariant horosphere S is measured with respect to the metric of 
rather than the Euclidean path metric of H . We will need the following 
lemma, see |Mey87 Sec. 9, Lemma 2]). 



Lemma 4.1. Let g G /som(H[^) be a loxodromic isometry with complex 
translation length a + ih and let = Nr{Ag) be the r neighborhood 
of the axis of g . Then 

cosh(|(7|aAr^) = cosh(a) + sinh^(r)(cosh(a) — cos(6)) = 

cosh(a) + sinh^(r)| cosh(a + ib) — 1|. 

Note that the two formulae in Lemma 14.11 are equivalent via the 
identity 

(1) I cosh(a + ib) — 1\ = cosh(a) — cos(6). 

Proposition 4.2. For any horoball H at oo there exists a sequence 
{fn)nm of real numbers such that the following hold where Nn '■= 
Nr^{Ai^) is the rn -neighborhood of the axis Ai^ of In in M.^ . 

(1) For any fixed k,N we have lim„_j,oo {\^n~^'"'\dN„) = \^^^^\dH- 
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(2) If N eN such that \l^m^\gH > C > for all k e Z , then for 
any rj > there exists some n' such that \ln~^'^\dNn ^ C — rj 
for all n > n' and all k ^X. 

Moreover if (gn) is a sequence of elements with Qn G p„(7ri(M„)) 
that converges to a hyperbolic element g G p(7ri(M)) and C > then 
H can be chosen such that the following hold: 

(a) For sufficiently large n we have d{Nn, hnNn) > C for all hn G 
p„(7ri(M„)) - (/„). 

(b) For sufficiently large n the C -neighborhood of the geodesic seg- 
ment between Nn and gnNn does not intersect any 
translates of Nn except Nn and gnNn ■ 

Proof Let H = {{x,t) e C X R+ = If \ t > to} be a closed horoball 
in the upper half space model of the . For a complex number z we 
will denote by 3?(z) and '^{z) the real and the imaginary part of z. 
The translation length \l\dH is given by 

(2) cosh(|/|aH) = 1 



2tl 



We now define r„ := if |3fJ(t'„)| > \l\dH ■ If < \l\dH then we 

define r„ to be the unique positive real number satisfying 

(3) sinh^(r„) = ^oM\1\sh) - coshmvn)) 

I cosh(u„) — 1| 

Note that since w„ — )■ as n — )■ oo and \l\dH is a fixed positive number, 
eventually equation ([3]) always holds and r„ — )■ oo. This definition 
implies that \ln\dN„ = \l\dH if \^iv 

n)| ^ l^l^iT- Indeed this follows from 
Lemma 14.11 and the fact that Vn is the complex translation length of 

Fix now and k. The complex translation length of l^~^^ is 
(A^ — kn)vn and the equation m„ + nvn = ^ni implies 

(A^ — kn)vn = Nvn + kun mod 27ri . 

Hence, by Lemma [4.H the translation length |^^~'^"|aAf„ is given by 

(4) coshdZ^-'^^laTvJ = cosh(5R(iVi;„ + kun)) 

+ sinh^(r„) ■ | cosh(A^t;„ + kUn) — 1| • 

Now it follows from the low order asymptotics of the hyperbolic 
cosine and its Taylor expansion that 

I COsh(iV^^ + kUn) - 1| _ \NTn + k\^ ^ 2n\ 

|coshK)-l| - |r„P l^ + ^U^'nNj. 
Moreover equation ([3]) implies 

lim I cosh(f„) — 1| ■ sinh^(r„) = cosh(|/|a//) — 1 . 
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The last two equations together with equation imply: 
cosh(|/^-^-"ia;vJ = cosh(3ft(iVt;„ + kur,)) 



+ sinh^(r„ 



cosh(w„) 



1 



1 + (cosh(|Z|aH) - 1 
\Nto + 



I cosh(A^?;„ + kur^ 
I cosh(w„) — 
\Nto + fcp 
|roP 



2tl 



= cosh(|/V|a^) . 

This proves the first point. 

In order to prove the second point we will make use of the following 
limits 

mvn)\ 



(5) 
and 
(6) 



lim 



n— >-oo m„ 



lim \vn\ cosh(r^ 



to 



n' n 1 



The first two follow easily using the facts Un + nvn = 2m , Vn = UnT, 
and lim^^oo = tq. To verify the second one observe first that 
the identity sinh^(2;) = cosh^(2;) — 1 and multiplication by imply 
that 



cosh^fr^ 



cosh( Z ai^) - cosh(3ft(f„)) + 


cosh(t;„) — 1 




cosh(f„) — 1 





applying ([T]) and ([2]) then gives 

cosh^fr^.) = \v„. 



, cosh(|/| 



dH) 



I cosh(t>„) — 1| 
^ - cos(!3(t;„)) 



Now as lim 



I cosh(t;„) — 1| 
2 this implies that lim cosh^(rn) = 



>0 |cosh(^)-l| 

which clearly proves the claim. 

Suppose now that N E N satisfies \l^m^\QH > C > for all G Z 
and let > be given. We choose n" = n"{N,C) such that for all 
n > n" the following holds: 



N 



and 



< 1, \vn\ ■ cosh(r„) > 



la^MI ^ l|^(ro)| 



2to 



2 kol 
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In order to prove the second point we start again with formula 



COshd/^-'^^iajvJ = cosh {^{NVn + kUn)) COsh^l 



— COS {^{Nvn + kUn)) sinh^(r„) 
> ( cosh(3?(A^t;„ + kUn)) - l) cosh^(r„) 

^{m^,+k^))\K\coMrn)f 





+ — r 


\Vn\ 





2 

and for n > n" we obtain 

cosh(|C-'"l,«.)>JS^- 11*^1 -liV^lp. 

8to \Vn\ \Vn\ 

Hence there exists a constant C such that \k\ > C imphes 

I iN—kn I \ 

K„ IdNn ^ ■ 

Since there are only finitely many G Z such that \k\ < C it follows 
from the first part of the proposition that we can find n'" such that for 
all n > n'" and all \k\ < C the equation 

\iN-kn\ ^ n _ ri 
Vn \qn„ V 

holds. The second point follows for n' = max{n" , n'") . 

In order to prove (a) and (b) we shall use some results of Meyerhoff. 
By |Mey87 Sec. 3&9] and the definition of r„, we know that if we 
choose H such that e = \l\dH is sufficiently small then the sets 

iv„ = Nr„{Aj = {pem^\ t/H3(p, Up)) < e} 

have the property that hn{Nn) HNn = ^ for all hn G p„(7ri(M„)) — (/„) 
By further reducing e we can further assume that d(Nn, h^Nn) > C 

for all hn G p„(7ri(M„)) — (/„) as the radii r„ decrease uniformly as e 

decreases as follows from ([3]). This proves (a). 

We now put H = GH and iV„, = GnNn where G = p{ni{M)) and 

Gn = Pn(7ri(M)). It now follows from the geometric convergence of 

{Gn) to G that for all 77 > and compact K G M.'^ there exists n' 

such that for all n > n' 

dniK nH,K nNn) < V- 

Here dn denotes the Hausdorff distance. Moreover for any h E G 
and any sequence hn ^ h we have dffiK fl hH, K fl hnN^) < rj ioi n 
sufficiently large. 

Let [x, y] denote the geodesic segment between H and gH and let 
[xn,yn\ denote the geodesic segment between Nn and QnNn- 

Note that there can be only finitely many translates hH , h G txi{M) , 
h ^ P U gP, such that the intersection of hH and the (C + 1)- 
neighborhood of [x, y] is non-empty. This follows from the fact that 
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the {C + 1) -neighborhood of [x^y] is compact and that the translates 
of H are disjoint. Thus after decreasing e we can assume that the 
(C + 1) -neighborhood of [x, y\ does not intersect hH for h ^ PU gP . 

Let now K be the (C + 1) -neighborhood of [x, y] . The above remark 
apphes to K . Hence we know that for sufficiently large n the Hausdorff 
distances between H (1 K and Nn H K and between K fl gH and 
K (IgnNn are arbitrarily small. This implies that the segments y„] 
converge to [x,y] thus dH{[x,y], ?/„,]) < | for large n. We also see 
that the {C + i) -neighborhood of [x,y] does not meet any translates 
of Nn besides Nn and gnNn for large n . Thus we have shown that the 
C-neighborhood of [xn, yn] does not meet any translates of Nn besides 
Nn and gnNn- This proves (b). □ 

Lemma 4.3. For any (5 G (0,7r/2) there exist and r{P) such 

that if ^ is a geodesic m H"^, r > r(/3) and x,y & d{Nr{'-f)) such that 
d{x, y) > k{(3) then the angles enclosed by the geodesic segment between 
X and y and d{Nr{''y)) are at least /3. 

Proof. The proof of the lemma is by calculation, we follow the setup of 
[GMMl Section 2] . We perform all calculations in the Klein hyperboloid 
model of . In this model, M.^ is the component of the hypersurface 

{(xo, Xi,X2, x-i) e R'^ I -xl + xl + xl + xl = -1} 

with xo > 0. For x = (xq, xi, X2, X3) and y = (yo, Z/i, I/2, 1/3) we will 
denote by (x, y) the Minkowski inner product 

(x, y) = -xoyo + xiyi + X2y2 + 3:32/3 • 

Recall that for each x e the restriction of the Minkowski inner 
product on the tangent space T^M.^ is positive defined. In the sequel 
we will use this metric on the tangent space. 

We assume that 7 is the intersection of H"^ with the plane {xi = 
X3 = 0} . Let g be the loxodromic motion along 7 with complex length 
6 + i(j). The isometry g is represented by the matrix 

/cosh((5) sinh(5) \ 

._ cos(</)) -sin(</)) 

3 ■ sinh((5) cosh(5) 

y sin(0) cos(0) J 

Let r > 0. Fix the point x = (cosh(r), sinh(r), 0, 0) . Let it G T^M.^ 
be the unit length inward normal vector to d {Nr {'-/)) . Thus 

it = {— sinh(r), — cosh(r), 0, 0). 

For every y G H'^ the unit vector rity G T^M.^ pointing into the direction 
of y is given by 

-> y + {y,x)x 
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Now suppose that y G d{Nr{'^)) . Hence there is some 5 G M and 
G [0,27r) such that MgX = y. Denote by f3{y), < f3{y) < 7i/2, 
the angle enclosed by the geodesic segment [x,y] and d{Nr{j)) . We 
need to show that f3{y) is arbitrarily close to 7r/2 provided that r and 
d{x, y) are sufficiently large. 

Recall that if p and q are points of H'^ in the hyperboloid model 
then the hyperbolic distance between them is given by the formula 

cosh {d{p,q)) = -{p,q). 

We have 

sin(/3)) = cos - f3{y)j = {r^y, it). 
It now follows from the definitions of x , Mg , r^y , and it that 

^\ cosh(r) sinh(r) 

{^y, n ) = . — (cosh(5) - cos(0)). 

smh(a(x, y)) 

Moreover, using the above distance formula, we have 

cosh((i(x, y)) = cosh(5) cosh^(r) — cos(0) sinh^(r) 

and hence 

• fof ^^ . COsh(c/(x,?/)) - COS(0) 

sm(/3(?/)) = tanh(r) — r- . 

smh(ct(x, y)) 

For a fixed distance d = d{x, y) the angle P{y) becomes minimal if 
= 0. Therefore 

sin(/3(,)) > tanh(r) ^"^^^5";^^\;^ = tanh(r) tanh ( ^ 
^^^^'^ - ^ ' smh{d{x,y)) ^ ' \ 2 

Now let /3, < 13 < 7r/2, be given. We choose r(/3) > such 
that sin(/3) < sin(/3) coth(r(/3)) = g < 1 and such that q = 

tanh(fi;(/3)/2) . Hence for r > r(/3) and for y G dNr such that d{x,y) > 
k{(3) we obtain 

sm {P{y)) > tanh(r)tanh {d{x,y)/2) 

> tanh(r(/3)) tanh (k(/3)/2) = sin(/3) . 

Therefore we have for all r > r(/3) and all y G c^A^r such that d{x, y) > 
K{f3) that (3{y) > (3. This proves the Lemma. □ 



5. Generating pairs of 2-bridge knot groups 



In this section we prove that hyperbolic 2-bridge knot groups have 
infinitely many Nielsen classes of generating pairs. Moreover we prove 
that there exist closed hyperbolic 3-manifolds that have arbitrarily 
many Nielsen classes of generating pairs. Those manifolds are obtained 
by Dehn surgery on 5*^ at 2-bridge knots. 

The infinity of Nielsen classes of generating pairs of fundamental 
groups of Seifert fibered 2-bridge knot spaces has been known for a 



GENERATING PAIRS OF 2-BRIDGE KNOT GROUPS 



15 



long time. For the trefoil knot this is due to Dunwoody and Pietrowsky 
|DPj and the general case is due to Zieschang |Z2] who in fact gives a 
complete classification of Nielsen classes of generating pairs. 

Let M be the exterior of a hyperbolic 2-bridge knot t. Choose 
m, Z G 7ri(M) such that m represents the meridian, that / represents 
the longitude and that (m, /) = is a maximal peripheral subgroup. 
Inspecting the Wirtinger presentation shows that 2-bridge knot groups 
are generated by two meridional elements, i.e. that there exists some 
g such that iii{M) = {m, gmg~^) . 

As (gl^) ■ m ■ {gl^)~^ = g ■ l^ml~^ ■ g~^ = gmg~^ it follows that 

is a generating pair for vri(M) for all G Z. As in Section H] we put 
Mn '■= M{l/n) and denote the image of an element h G vri(M) in 
7ri(M„) by hn- In particular = {mn.gnln) is a generating pair of 
nilUn) for all n G N, 

The following theorem is the main theorem of this article. 

Theorem 5.1. There exists A'q G N such that for any N,N' > Nq 
there exists some uq such that for n > the generating pairs P^ and 
P^ of 7Ti{Mn) are not Nielsen equivalent. 

Note that for all n, A^ and A^' the generating pairs Pj^ and P^' 
have the same commutator as 

Thus we cannot apply Proposition II. II to distinguish the Nielsen equiv- 
alence classes of P^ and P^ . We get the two results stated in the 
introduction as immediate corollaries. 

Corollary 5.2. For any n there exists a closed hyperbolic 3-manifold 
M such that 7ri(M) has at least n distinct Nielsen classes of generating 
pairs. 

Since Nielsen-equivalent tuples cannot become non-equivalent in a 
quotient group we also get the following. 

Corollary 5.3. Let t be a hyperbolic 2-bridge knot with knot exterior 
M . Then 7ri(M) has infinitely many Nielsen classes of generating 
pairs. 

We will prove two lemmas before giving the proof of Theorem 15.11 
We use the same notations as in Section |H 

Lemma 5.4. There exists Ni such that for any N > Ni there exists 
some ni & N so that if n>ni, e,ri E { — 1,1}, and w is a positive 
word in and {gnl^Y , then w represents an element of G„ which 
is conjugate in Gn to m^^ if and only if w consists of the single letter 
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Proof. The "if" direction is trivial. To prove the "only if" direction, 
we prove its contrapositive by showing that if w is not a power of 
then w is not conjugate in Isom(HI^) to mj^ . The contrapositive then 
follows since a loxodromic element is never conjugate to a proper power 
of itself. We will prove this in the special case that rj = e = 1, the 
other cases are analogous. 

Take ^ = 1/2. Using this choice of ^, Lemma l3.ll gives i?i > 
and 6o e [0,7r). Choose B > max(100,i?i) and a G [60,11) n (7r/2,7r). 
Then the conclusion of Lemma 13.11 holds for our choice of C, and any bi- 
infinite (i?, a)-piecewise geodesic. Furthermore choose k := K(a — 7r/2) 
and r := r{a — 7r/2) as in Lemma [4.31 

By Proposition 14.21 there is a horoball H centered at the fixed point 
of (m, /) and a sequence (r„) of positive real numbers so that the four 
conclusions of the proposition hold for C = B and the convergent 
sequence ((?„). In particular there exist h such that d[Nn, QuNn) > B 
for n > n. Now let x E H , y E gH and x„ G Nn, ?/„ G QnNn for all 
n G N be such that [x, y] is the geodesic segment between H and gH 
and that is the geodesic segment between and QnNn for all 

n G N. 




Figure 4. The horoball approximation Nn and its 
translate by Qn 



Choose t such that (i((yf„x„, ?/„) < t for all n. Such t clearly exists 
as the segments converge to the segment [x,y] and Qn to g. 

Choose further A^i such that \l^m%H >B + t + K + l for all > A^i 
and k E Z. Such Ni clearly exists as for any constant K there are 
only finitely many elements h G {m,!) such that \h\gH < K. 

Now fix > A'^i. Recall that m„ = /"'". It now follows from 
Proposition 14.21 (2) (by chosing rj sufficiently small) that there exists 
some n>n such that \ln''^n\dN„ > B + t + n for all /c G Z and n>n. 

Now choose ni> h such that |m„|]g3 < 1 and r„ > r(a — 7r/2) for 
all 77, > 77-1 ; this is clearly possible as the element m,„ converges to the 
parabolic element m and r.„ tends to infinity as n tends to infinity. 
Fix n > Hi and suppose that w is not a power of m„. We will show 
that the translation length of w is at least 198. This is strictly larger 
than the translation length of m„, hence this will prove the lemma. 
Since w is not a proper power of m„ we may conjugate w to assume 
that it is of the form 
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with fej > for 1 <i < s. Thus w can be rewritten as a product 

{9nPi) ■ ■■■■ (gnPs) 

where Pi = m'^ for 1 < i < s. By the above choices the translation 
length of all Pi on dNn is at least B + t + n. 

We now construct a ty-invariant bi-infinite {B, a)-piecewise geodesic 
7u, containing x„. We first construct a (S, a)-piecewise geodesic 70 
from Xn to wXn and put ■ji = w*7o . We then put 

Iw := • • - 7-2 • 7-1 ■ 7o ■ 7i ■ 72 • • • 

which clearly implies the w-invariance of 7^. The fact that '-/w is also 
a {B, a)-piecewise geodesic follows immediately from the construction. 

For 1 < z < s put Wi = (gnPi)-.. .-{gnPi), < = WiXn and = WiVn- 
We then put 

7o := kn, Vn] ■ bn, x^] ■ [x^, y^] ■ [yl, xl]-...- y'-^] ■ [y''^, x^, = wx^]. 




Figure 5. The piecewise geodesic 70 for w = {gnPi){gnP2){,gnPz) 

Now G diwiNn) = WidNn and e 9(wj_|_iA^„) . The segments 
[^n'l/n] of length at least B by assumption and are perpendicular 
to the respective translates of dNn- Note further that the segments 
[y^jX^"*"^] are of length at least B + k. Indeed this follows from the 
triangle inequality and the fact that 

d{wignXn,yn) = d{wignXn,Wiyn) = d{gnXn,yn) < t 

and 

d{xl^'^,WignXn) = d{Wi+iXn,WignXn) = d{WignPi+lXn, WignXn) = 
= d{pi+iXn, Xn) > B + t + K. 
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It follows from the choice of k and Lemma 14.31 that the segments 
[j/^jX^"*"^] enclose angles greater or equal than a — 7r/2 with the re- 
spective translates of dNn . This proves that 7^ and therefore 7^ is a 
(S, Q;)-piecewise geodesic. 

By Lemma [3TT] 7^ is a quasigeodesic that lies in the | -neighborhood 
of the geodesic /3 that has the same ends. Clearly /3 is invariant under 
the action of w , thus we must have /3 = A^, where Ayj is the axis of w . 

We argue that the translation length of w must be at least 198. 
Recall that 70 is a (i?, a)-piecewise geodesic consisting of at least 2 
segments of length at least B > 100. As 70 lies in the | -neighborhood 
of /3 it follows that each of the geodesic segments projects under to 
a geodesic segment of length at least 99 . Thus 

d{pfj{Xn),Pp{wXn)) = d{pfi{Xn),Wpp{Xn)) > 2 ■ 99 = 198. 

Now d{pi3{xn),wpi3{xn)) is the translation length of w, so the lemma 
is proven. □ 

Lemma 5.5. There exists N2 such that for all N ^ N' > N2 there 
exists n2 G N such that for n> n2 and k & Z the elements Qnln o,''^d 
{g-nln ^^^y ^'^^ ™^ conjugate in 7ri(Af„) for e G {±1}- 

Proof. The proof is similar to the proof of Lemma 15.41 Choose the 
constants B , a, k, t, A^i, the segments and the horoball H as 

in the proof of Lemma 15.41 and put N2 := Ni. Choose N N' > N2. 
Now by choosing n2 > N + N' sufficiently large it follows as before 
that 

\]N+kn\ \]N'+kn\ \ R i + i ^ 

Kn \dN„,\''n \dN„ > + t + K 

for all n > 77-2 and k E Z. Put Wi = Qnln and W2 = gj-n'^^^ 1 "^oie that 
Wi 7^ W2 as In is of infinite order, N ^ N' and n > N + N' . We can 
construct the Wi-, W2-, and w;iw;2 -invariant (i?, a;)-piecewise geodesies 
7u;i 5 1w2 and 7^1 ^2 with the same properties as before. Note that by 
Theorem 14.21 (a) and (b) and as C = i? > 100 we can further assume 
that the 1 -neighborhoods of A''^ and gnNn do not intersect 

any translate of except iV„ and gnNn ■ Note that the existence of 
the piecewise geodesic 7uiii«2 which W1W2 acts non-trivially implies 
that W1W2 7^ 1 , i.e. that wi 7^ W2^ . 

Now the axes A^-^ and Aw2 are |-Hausdorff-close to 7^;^ and ■ As 
the 1 -neighborhoods of 7^. does not meet any translates of Nn except 
the wfNn this implies that the translates of Nn intersected by the |- 
neighborhood A^. of A^. are precisely the translates w^Nn for i = 1,2. 
Note that Nn and gnNn are intersected by both A^^ and Ayj^ . Now if 
wi and W2 are conjugate then there must exist some h e 7ri(M„) such 
that wl = hwih~^ which implies that hA^^ = A^^ = Ay^^; h must in 
particular map the translates intersected by Au,^ to those intersected 
by . 
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After replacing h by hw\ for some / G Z we can assume that h fixes 
both and gNn , indeed h cannot exchange and gN^ as it would 
otherwise fix the midpoint of [x„,?/„] and therefore be elliptic. Note 
that this replacement does not alter the fact that = hwih~^ . As 
the intersection of the stabilizers of Nn and QnNn is trivial this implies 
that h = 1 i.e. that wi = w|. This is clearly a contradiction, thus wi 
and W2 are not conjugate. □ 

Proof of Theorem \5.1[ Let A'^i and be as Lemma 15.41 and Lem- 
ma ESI Take A^o := max(A^i,A'2) and A^ 7^ A^' > A'o- Lemmas El 
and 15.51 then give numbers ni and n2. Let no '■= max(?7,i,n2). We 
show that and P^ are not Nielsen equivalent in 7ri(M„) for any 
n > uq. 

Since P^' is a generating pair for G„ , we have an epimorphism 
ip : F(a, b) — > G„ that takes a to m„ and b to gnln ■ Suppose, for a 
contradiction, that P^ and P^ are Nielsen equivalent. Hence there 
is an automorphism a : F(a, 6) — )■ F[a, b) so that ip o a{a) = rrin and 
■0 o a{b) = Qnln ■ Let bi := a(a) and 62 := 

Using Proposition 11.21 we have that bi is conjugate in F{a, b) to 
a positive word w in and for some £,77 G { — 1,1}. Therefore 
we have u G F{a,b) such that ■ip{u)ip{w)ip{u~^) = rrin- It follows from 
Lemma [5^ that w = . As in the last part of the proof of Theorem l2.1l 
we must have 62 = ua^^b'^ a^'^u~^ for some /ci, /c2 G Z and a G { — 1,1}. 
Hence, V'(^2) = fl'n^^ is conjugate to {gj-n ~'^") fo'^ some /c G Z and 
z/ G { — 1, 1}. This contradicts Lemma [5.51 □ 
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